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Abstract. We generalize Gel'fond's criterion of algebraic independence to the context of a 
sequence of polynomials whose first derivatives take small values on large subsets of a fixed 
subgroup of C, instead of just one point (one extension deals with a subgroup of C x ). 



1. Introduction 

A typical proof of algebraic independence starts with the construction of a sequence of 
auxiliary polynomials taking small values at many points of a finitely generated subgroup V 
of a commutative algebraic group G defined over some algebraic extension of Q. This data is 
analyzed by applying sequentially a criterion of algebraic independence and a zero estimate. 
The criterion of algebraic independence first looks at each value individually while the zero 
estimate is used to ensure that the polynomials do not vanish on nearby points from a slight 
perturbation r of V . The outcome is a lower bound for the transcendence degree over Q of 
the field K generated by the coordinates of the points of Y. 

For further progress it would be desirable to have a tool that encompasses both the criterion 
and the zero estimate by looking at these small values globally as values of polynomials on 
the group G instead of looking at them one at a time, as elements of the field K. In [10J, 
we conjecture such a "small value estimate" for the group G a x G m , and prove that it is 
equivalent to Schanuel's conjecture. In [TT], we further extend these ideas to the group 
G a x E where E is an elliptic curve defined over Q. 

The present paper mainly deals with small value estimates for the additive group G a as 
a first step towards these conjectures. The following theorem provides an overview of our 
main results. In its formulation, the symbols i and j are restricted to integers. We also write 
H(P) to denote the height of a polynomial P E Z[T], and P^ to denote its j-th divided 
derivative (see §|5] for the precise definitions). 
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Theorem 1.1. Let £ be a transcendental complex number, let (3, a, r and v be non-negative 
real numbers, let no be a positive integer, and let (P n ) n >n be a sequence of non-zero polyno- 
mials in Z[T] satisfying deg(P n ) < n and H(P n ) < exp(ri^) for each n > n Q . The following 
six statements hold. 

1) Let r be a non-zero rational number. Suppose that (3>1, a + r<l and v > 
1 + (3 — a — t. Then for infinitely many n, we have 

max {|P n y] (£ + ir)\ ; < % < n a , < j < n T } > exp(—n u ). 

2) Let r be a positive rational number with r / 1. Suppose that (3 > 1 + a , a + r < 1 
and u > 1 + (3 — o — r. Then for infinitely many n, we have 

max 

{\ p n\ ri i)\ ; < i < n a , < j < n T } 

3) Suppose that (3 > 1, (3/4)a + r < 1 and v > 1 + (3 — (3/4)a — r. Then for infinitely 
many n, we have 

max{|P^(i£)| ; < i < n a , < j < n T ] > exp(-n l/ ). 

4) Let r be a non-zero rational number. Suppose that (3 > 1, (4/3)cr + r < 1 and 
v > 1 + (3 — (4/3)cr — r. Then for infinitely many n, we have 

m&x{\P% ] (iit + i 2 r)\ ; < h,i 2 < n a , < j < n T ] > exp{-n u ). 

5) Let i] G C be algebraic over Q(£) with rj ^ Q£. Suppose that (3 > 1, (3/2)<j + r < 1 
and u > 1 + j3 — a — r. Then for infinitely many n, we have 

max{\P^ ] (ix^ + i 2 v)\ ; < i x ,i 2 <n a ,0<j < n T ] > exp(-n l/ ). 

6) Let n G C. Suppose that (3 > 1, a < 1 and v > 3 + {3 — (ll/4)cr. Then for infinitely 
many n, we have 

max {|P n (i£ + r/) | ; < i < n a } > exp(-r^). 

The second statement of the theorem is the only small value estimate that we shall prove for 
the multiplicative group G m . All the others concern the additive group G a . The statements 
1) and 2) can be viewed as extensions of Theorem 2.3 of [12] in a context where the degree 
of the polynomials is unbounded and the number of points of evaluation is small compared 
to the degree. When a = 0, they essentially reduce to Proposition 1 of [7J. In view of 
Dirichlet box principle, both results show a best possible dependence in the parameter v 
(see Proposition IA. II from Appendix |A|) . The statement 3) is our main result. Dirichlet box 
principle shows that it would be false for a value of v smaller than 1 + (3 — a — r. This 
shows a gap of a/4 compared to our actual lower bound on v. Similarly 4), 5) and 6) show 
respectively a gap of (2/3)cr, a and 2 — (7/4)cx in the dependence in v compared to the box 
principle (see Appendix [A} . 
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The proof of all results proceeds by contradiction and ultimately rely on a version of 
Gel'fond's criterion of algebraic independence that we recall in the next section. Section [3j 
inspired from §6], deals with estimates for the resultant of polynomials in one variable 
taking into account the absolute values of the first derivatives of these polynomials at the 
points of a finite set E. Section H] borrow ideas from the proof of zero estimates to give upper 
bound for the degree and height of an irreducible polynomial dividing the first derivatives of 
polynomials of the form P(aT + b) where P G Q[T] is fixed and (a, b) runs through a finite 
subset of Q + x Q. These tools are combined in $5] to prove 1), 2) and 4). Statement 5) is 
proved in §S] in a more general form involving subgroups of arbitrary rank. Besides the tools 
that have already been mentioned, its proof also uses the following result established in £J7] 
as a consequence of a combinatorial result from §SJ 

Theorem 1.2. Let (3, 5 and \x be positive real numbers with \x < 1 < (3 , let A be the set of 
all prime numbers p with p < n/ 4 , let P be a non-zero polynomial of Q[T] of degree at most 
n and height at most exp(n /3 ) with P(0) ^ 0, and let Q be the greatest common divisor of 
the polynomials P(aT) with a G A. If n is sufficiently large as a function of (3, S and fi, we 
have deg(Q) < n 1 ^^ 5 and H(Q) < expl 



n 

The proof of 3) given in §101 furthermore uses the following result proved as a consequence 
of another combinatorial statement from related to Zarankiewicz problem: 

Theorem 1.3. Let a, f3, 5 and fi be positive real numbers with 2/x < a < (3. For each 
integer n > 1, let A n denote the set of all prime numbers p with p < n^, and B n denote 
the set of all prime numbers p with n M < p < n 2fl . For infinitely many n, there exists no 
non-zero polynomial P G Z[T] of degree at most n a and height at most exp(n /3 ) satisfying 
U a eA n Yl b eB n \P(abt)\ < exp(-r^+ 2 ^). 

Finally, 6) is proved in CTTlas a consequence of 3) after elimination of rj through a resultant, 
upon observing that this resultant as well as its first derivatives are small at multiples of £. 

Sketch of proof of 3): In order to help the reader find his way through this paper, 
we conclude this introduction by a brief sketch of proof of 3). We proceed by contradic- 
tion, assuming on the contrary that for each sufficiently large n the polynomial P n sat- 
isfies |P^(i£)| < exp(— n u ) for i = 1, . . . , [n a ] and j = 0, 1, . . . , [n T ). Without loss of 
generality, after division of each P n by a suitable power of T, we may assume that these 
polynomials do not vanish at 0. Define A n and B n as in Theorem 11.31 for the choice of 
H = a/A, and let Q n be the greatest common divisor of the polynomials Pn\aT) with 
a G A n and j = 0, 1, . . . , [n T /2]. Upon observing that the latter family of polynomials 
take small values at the points a&£ with a G A n and b G B n , along with their deriva- 
tives of order at most [n T /2], we deduce that YiaeA TlbeB IQn( a ^OI — exp(— n 1+/3_r+5 ' 5 ) 
for some positive 5 which is independent of n. By Theorem ll.2[ we further know that 
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Q n has degree at most n 1 °"/ 4 + 5 and height at most exp(n^ °7 4 + 5 ). By a standard lin- 
earization process described in §21 we deduce that Q n admits an irreducible factor R n sat- 
isfying UaeA n U b& B n \MabO\ < exp ( - n^+ 35 (n^ deg(R n ) + n \ogH{R n ))) . By inde- 
pendent means, we also know that R n has degree at most n l - cr l i ~ T + 5 anc [ height at most 
exp(n/ 3 ~ '/ 4 ~ r+5 ). Then, we deduce that there exists a power S n of R n whose degree and height 
satisfy the same estimates, with moreover riaeA n FLes™ \S n {ob^)\ < exp (— n 1+/3_2T+3<5 ) . This 
contradicts Theorem II. 3 1 

2. Notation and preliminaries 

We denote respectively by Q x and C x the multiplicative groups of Q and C. We also write 
Q + for the multiplicative group of positive rational numbers, and N* for the set of positive 
integers. We denote by \E\ the cardinality of a set E. Given subsets A and B of C, we write 
A + B (resp. AB) to denote the set of all sums a + b (resp. products ab) with a G A and 
b G B. Throughout this paper, the symbols i,j, k are restricted to integers. For P G C[T] 
and j > 0, we denote by P^'l the quotient by j\ of the j-th. derivative of P. 

We define the norm ||x|| of any point x in C" to be its maximum norm. Similarly, we 
define the norm \\P\\ of a polynomial P G C[Ti, . . . , T m ] to be the maximum of the absolute 
values of its coefficients. When x is a non-zero element of Q n , we define its content cont(x) to 
be the unique positive rational number r such that r _1 x is a primitive point of Z n , namely a 
point of Z n with relatively prime coordinates. We also define its height H(x.) to be the ratio 
||x||/ cont(x). By extension, we define respectively the content cont(P) and height H(P) 
of a non-zero polynomial P G Q[T 1; . . . ,T m ] to be the content and height of its coefficient 
vector. Accordingly, we have H(P) = \\P\\/ cont(P). This notion of height is projective as 
we have H(ax) = H(jx.) and H(aP) = H(P) for any a G Q x . For a single rational number x, 
we adopt a slightly different convention, and define its height H(x) to be the inhomogeneous 
height of x, namely the height of the point (l,x) G Q 2 . This gives H(x) = max(|p|, \q\) if 
p/q is the reduced form of x. 

We will frequently use the well-known fact that for any Pi, . . . ,P S G C[T] with product 
P = Pi ■ ■ ■ P s , we have 

e -deg(P)||p|| < || Pi || . _ _ ||pj < e deg(P)||p|| 

[U Ch. Ill, §4, Lemma 2]. As the content is a multiplicative function on Q[T] \ {0}, it 
follows that, for non-zero polynomials Pi, . . . ,P S G Q[T], the same inequalities hold with the 
norm replaced by the height. This means that the height is essentially multiplicative. In the 
sequel, we will also require the following lemma which formalizes a standard procedure of 
"linearization" : 

Lemma 2.1. Let c, n, p and X be positive real numbers with e n < X, and let £i, . . . ,£ s be 
a finite sequence of complex numbers, not necessarily distinct. Suppose that there exists a 
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non-zero polynomial P e Q[T] of degree at most pn and height at most X p satisfying 

(i) i\^§F } <(^ P) H(prr'' 

or the stronger condition 

Then, a) there exists an irreducible factor R of P in Q[T] satisfying 

(3) ff < (x de ^H(Rr)- c/{2p \ 
y ' 11 cont (R) K y 1 ' 

i=± v ' 

and b ) there exists an integer k > 1 such that the polynomial Q = R k satisfies 

(4) deg(Q)<pn, H(Q) < X 2p and f[^ML K 

f = i cont(Q) 

Usually the data takes the form (j2J). In replacing it by the weaker condition (CQ), one gains 
that the right hand side becomes essentially a multiplicative function of P. Part b) of the 
lemma shows that not much is lost in the process, regardless of the value of p. However, for 
given c, n and X, the conclusion of Part a) gets stronger for small values of p. 

Proof. Upon replacing n by n/p, X by X x l p and c by p 2 c, we may assume without loss of 
generality that p — 1. We also note that the strict inequality in ([T]) implies that P is a 
non-constant polynomial. 

a) Factor P as a product P = Ri---R u of irreducible polynomials of Q[T]. Since 
H(Rx) ■ ■ ■ H(R U ) < e dcg ^H(P), the condition CQ) implies 

fin ^R) < {X dc ^ p \e de ^H(P)) n y c/2 < f[ (X d ^H{R j ) n Y c/2 . 
j=i i=i ■> ' j=i 

Therefore there is at least one index j for which the polynomial R = Rj satisfies ([3]). 

b) Since R divides P, we have deg(R) < n and H(R) < e n X < X 2 . Let k > 1 be the 
largest integer for which the polynomial Q = R k satisfies deg(Q) < n and H(Q) < X 2 . 
Taking the k-th power on both sides of (j3J), we obtain 

yjJ^CeOI ( X ^Q)H{R) kn Y c/2 . 

1A cont(Q) v v ' ' 

J= i 

If deg(Q) > n/2, the right hand side of this inequality is bounded above by X~ cn ^, and 
the conditions of (j3J) are all satisfied. Assume now that deg(Q) < n/2. Then we have 
deg(R 2k ) < n, and the choice of k implies H(R 2k ) > X 2 . Since H(R 2k ) < e n H(R) 2k , we 
deduce that H(R) k > X 1 ^ 2 , and we reach the same conclusion. □ 
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We conclude this section by stating the version of Gel'fond's criterion of algebraic inde- 
pendence on which all our results ultimately rely. 

Lemma 2.2. Let a, [3 and 5 be positive real numbers with (3 > a, and let £i, . . . , £ m be a 
finite sequence of complex numbers which generate a field of transcendence degree one over 
Q. For infinitely many integers n, there exists no polynomial P G Z[T 1; . . . , T m ] of degree at 
most n a and height at most exp(ra /3 ) satisfying 

0< |P(6,...,UI <exp(-n a+ ? +s ). 

This follows for example from [21 Theorem 2.11] or [8, §7, Corollary 3]. Alternatively, 
a standard norm argument reduces the proof of this result to the case m — 1 which is a 
direct consequence of [fl Theorem 1]. The fact that one can separate the estimates for the 
degree and height of the polynomials is an original observation of D. W. Brownawell and 
M. Waldschmidt which played a crucial role in their proof of Schneider's eighth problem 
[21 [13]. Note that, in the case m — 1, the condition < |-P(£i)| can be simply replaced by 
since £i is assumed to be transcendental over Q. 

3. Estimates for the resultant 
For any finite subset E of C with at least two points, we define 
(5) 5 E = mm\Z'-Z\ and A E = J] |£' - ^ 

where both the minimum and the product are taken over all ordered pairs (£', £) of distinct 
elements of E. When E consists of one point, we put Se = Ag = 1. In the sequel, we will 
often use the crude estimate A^ > min(l, S E )WW 2 . The main result of this section is the 
following. 

Proposition 3.1. Let n,s,t 6 N* with n > st, let E be a set of s complex numbers, let 
F and G be non-zero polynomials of Q[T] of degree at most n and let Q e Q[T] be their 
greatest common divisor. For any pair of integers f and g with deg(F/Q) < f < n and 
deg(G/Q) < g < n, we have 

m n ( W <- c^rmcyn— 

with c\ = e 7n2 (2 + cs) 4ns *Ag* , where ce = max^ g E |^| and Ae is defined above. 

When s — 1, this is essentially Lemma 13 of [7]. In other words, we can view the above 
proposition as an extension of the latter result dealing with values of polynomials and their 
derivatives at several points instead of one. The proof is similar in that it proceeds through 
estimations of the resultant of F/Q and G/Q. It will require several intermediate lemmas. 
Before going into this, we note the following corollary. 
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Corollary 3.2. Let n,s,t G N* with n > st, let E be a set of s complex numbers, let 
Pi, . . . ,P r G Q[T] be a finite sequence of r > 2 non-zero polynomials of degree at most n, 
and let Q G Q[T) be their greatest common divisor. Then we have 

„ / \n(t\\ \* „ / \2„„ / \p^(m\ t 

(7) 



n f^Y < ^ ( — n ( — -^1 

J- J- lcont(Q) / ~ \i<<<r v V J-l \ l<i<r C Ont Pi 



where C\ is as in Proposition \3.1\ 

Proof. Without loss of generality, we may assume that P\, . . . ,P r and Q have content 1, or 
equivalently that they are primitive polynomials of Z[T]. We may also assume that 7^ 
for each £ G P, and that Q is not the gcd of any proper subset of {Pi, . . . , P r }. The latter 
condition implies that r < n + l. According to Lemma 12 of [7j there exist integers a±, . . . , a r 
with < cii < n for i = 1, . . . , r such that Q is the gcd of F := Pi and G := ^[=1 a iPh- 
Assuming, as we may, that a x = 0, we find 

r 

max{P(P),P(G)} < max { ||Pi ||, n \\Pi\\} < n 2 max P(P) 

i=2 

and similarly, for any £ G E and any j = 0, . . . ,t — 1, 

max { \F® (0 1 , 1 G W (01} < ™ 2 max | P W (£) | . 

l<i<r 

Applying Proposition 13.11 with / = g = n, we then find 

< d max{PT(P) , Pf (G) } 2 ™ J] max max { | P^ (£) | , \G [j] (0 1 }* 



< Cl (n 2 ) 2 «^( max Pf(P)) 2n J] ( max |P 4 W (£)|Y. 



l<j<r V l<t<r 

£SE 0<j<t 

The conclusion follows using n 2 < e n and st <n. □ 

In order to prove our main Proposition 13.11 we start by establishing a simple technical 
lemma. 

Lemma 3.3. Let n, t G N*, let z,£ G C, and let F G C[T] 6e a non-zero polynomial with 
deg(P) < n. Then, for each integer t > 0, the polynomial F(T) = (T — z) F(T) satisfies 

(8) mM ra< e ^) (2 + |^ max ™. 

o<i<t ||i?|| - v isi; Q ^. <t ||_p|| 

When z = 0, we can omit the factor e des ^ in the upper bound. 
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Proof. For any j > 0, we have pW(£) = Yj3* A - z) e - h F^^) and so, 

max (0 1 < (1 + |£ - max \F® (£) 1 . 

0<j<t 0<j<t 

This leads to the required upper bound (|SJ) since > e- d °s( F )max{l, M} £ ||F||. When 
z = 0, we simply have \\F\\ = \\F\\ and we may omit the factor e deg ( F \ □ 

Lemma 3.4. Let m,s,tG N* with m > st, let L be any field, let Q G L[T], and let £i, . . . , £ s 
6e s distinct elements of L. Denote by L[T]< m _i the vector space of polynomials of L[T] of 
degree at most m — 1, and let <p and ip the L-linear maps from L[T]< m _! to L m which send 
a polynomial P G L[T]< m _i to the points <p(P) and ip(P) of L m whose k-th coordinates are 
respectively given by 

j (QP) lj] (&) ifk = i+js with 1 < z < s and < j <t, 
|p[fc-i](0) ifst<k<m, 

${p) h = P^ k ' l \0) for k = l,...,m. 
Then, for any choice of polynomials Pi, ... , P m G L[T]< m -i, we have 

(9) det(^(P 1 ), . . . , <p(P m )) = ±A' 2 ( f[ Q(&)) 1 det(V(Pi), . . . , 1>{P m )) 

where A = Ui<i<j< s (£j ~ 6) */ s > 2, and A = 1 if s = 1. 

Proof. It suffices to show that (J9l) holds for at least one choice of L-linearly independent 
polynomials Pi, . . . , P m . Put E(T) = (T — £i) • • • (T — £ s ) and, for each k = 1, . . . , m, define 



<f{P)k 



Ph 



j E(T) j (T - £i) ■ ■ • (T - if jfc = i + js with 1 < i < s and < j < t, 

1 T^ 1 if st < k < m. 



Then, each P& is a monic polynomial of degree k — 1 and so the m x m matrix whose rows 
are ip(Pi), . . . ,ip(P m ) is lower triangular with all its diagonal entries equal to 1. This gives 
det( , 0(Pi), . . . ,i[)(P m )) = 1. We claim that the matrix with rows y?(Pi), . . . ,(p(P m ) has a 

block decomposition of the form ( , . z\ where U is an upper triangular st x st matrix and 



I denotes the identity matrix of size (m — st) x (m — st). To prove this, we fix indices k, k! 
with 1 < k,k! < m. If k, k' > st, we find (f(Pk)k' = when k' ^ k and ip(Pk)k r = 1 when 
k' = k. If k' > st > k, we also find (f(Pk)k' — since P& has degree k — 1. Suppose now that 
k' < k < st. We can write k = i + js and k' — i! + j's with 1 < i, i' < s and < j,j' < t. 
Since k! < k, either we have j' = j and i' < i or we have j' < j. In both cases, we find that 
(T — ii'Y +1 divides QPk and so <f(Pk)k' = 0. We also note that 

V (P k ) k = lim Q(x) E{x) \ (x -£i)...(x- &_0 = Qi&E'&y^ - . . . (ft - 
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This proves the claim and also provides the value of the diagonal elements of the matrix U. 
Consequently we have det(y?(Pi), . . . , ip(P m )) = det(£7) where 

t— 1 s s 

det(Eo = n n (6)^6 - a) • • ■ - 6-0 = ± a 2 n <?(&)*• 

j=0 i=l i=l 

Thus ([9]) holds for the present choice of Pi, ... , P m and therefore it holds in general. □ 

Lemma 3.5. Let n,s,t G N*, and let E be a set of s complex numbers. Let F,G G C[T] 
6e non-zero polynomials of degree at most n, and let Q G C[T] 6e t/iezr greatest common 
divisor. Put A = F/Q, B = G/Q, a = deg(A), b = deg(P) and m = a + b. Finally, assume 
that m > st. Then we have 

with c 2 = m!(e(2 + c^)) ns 'A^ t2 , where ce = max^ g£ ; |^|. 

Proof. Let ^i, . . . , £ s denote the s elements of E. By definition of the resultant, we have 
Res(v4, B) = det (ip (Pi ),..., ip(P m )) where ip is defined as in Lemma E31 for the choice of 
L = C, and where Pi, ... , P m stand for the sequence of polynomials 

A(T),TA(T), . . . , T b - l A(T), B(T),TB(T), . . . , T a ~ l B(T). 



Applying Lemma [3.41 we deduce that 

|Res(A B)\ H |g(6)r = A/ 1 det M| 
i=i 

where M is the m x m matrix with rows <£>(Pi), . . . , (p{P m ) for the map y?: C[T]< m _i — > C' m 
defined in the lemma. Let M be the matrix obtained from M by dividing each of its first 
b rows by \\A\\ and each of its last a rows by ||P||. Then, except in its first st columns, all 
coefficients of M have absolute value at most 1. This implies 

|detM| = pf||P|| a |detM| < m\\\A\\ b \\B\\ a C 1 ■ ■ ■ C st , 

where, for each k — 1, . . . , st, we denote by Ck the maximum norm of the k-th column of M. 
Fix a choice of k as above and write it in the form k = i + js with 1 < i < s and < j < t. 
Applying Lemma T3.3I with z = together with the estimate ||P|| < e n ||A|| \\Q\\, we find that 
the absolute values of the first b elements in the k-th column of M are bounded above by: 

max ggi < , m max wiai < (e(2 + Ce))1IQII max i^'k,)i 



0<£<6 ||A|| 0<^<6 ||P|| 0<j<t ||P|| 

Upon replacing 6 by a, A by P and P by G in the above inequalities, we also get an upper 
bound for the absolute values of the last a elements in the k-th column of M. This gives 

f|FM(fc)| \G^i)\ 



C k < (e(2 + c E )) n \\Q\\ max max 



I IIPII ' IIGI 
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The conclusion follows. □ 

Lemma 3.6. Lemma \3.5\ still holds if the hypothesis m > st is replaced by n > st and the 
constant C2 in (HDD is replaced by c 3 = (2n)!(e(2 + c B )) 4ns 'A^ with the same value for ce- 

Proof. Since C3 > C2, we may assume without loss of generality that m < st < n. Cauchy's 
inequalities show that all coefficients of a polynomial have their absolute value bounded 
above by the supremum norm of the polynomial on the unit circle of the complex plane. 
Applying this to the polynomial B, we deduce that there exists z G C with \z\ = 1 such that 
\\B\\ < \B(z)\. Put 

F(T) = (T — z) st - a - b F(T) and A(T) = = (T — z) st - a - b A(T) . 

As B(z) 7^ 0, we still have gcd(F, G) = Q. Since deg(AB) = st and since F and G both 
have degree at most 2n, Lemma [3.51 gives 

where c = (st)!(e(2 + cs)) 2ns 'A^* 2 . On the other hand, using the fact that the resultant is 
multiplicative in each of its arguments and that Res(T — z,B) — ±B(z), we find 

|Res(i,£)| = \B(z)\ st - a - b \Res{A,B)\ > \\B\\ st - a - b \Res{A, B)\. 

The conclusion follows by combining the above two inequalities together with ||A|| < 2 si ||y4|| 
and the estimate 

max !£^Q1 < ( e ( 2 + CE )) 2n - b max 
o<j<* \\F\\ ~ o<j<t \\F\\ 

valid for each ^ e E, which follows from Lemma T3.3I using deg(F) < n + st — b < 2n — b. □ 

Proof of Proposition \3.1\ Since both sides of the inequality ([6]) stay invariant under multipli- 
cation of F, G and Q by non-zero rational numbers, we may assume without loss of generality 
that F, G and Q are primitive polynomials of Z[T]. Put A = F/Q and B = G/Q. Then, 
A and B are relatively prime primitive polynomials of Z[T]. In particular, their resultant 
Res(A,B) is a non-zero integer, and so we have |Res(A, B)\ > 1. Since = H(A) and 
\\B\\ = H{B) are also positive integers, we deduce from Lemma [3.61 that 

for any pair of integers / and g satisfying the conditions of the proposition. We also note 
that c 3 < e 5n (2 + c E ) Anst A^ since (2n)! < e n and st < n. The conclusion then follows 
the fact that H(A) < e n H(F)/H(Q) and H(B) < e n H(G)/H(Q) since F and G both have 
degree at most n. □ 



SMALL VALUE ESTIMATES 



11 



4. Estimates for translates of polynomials 

For each a G Q+ and each b G Q, we denote by X a ^ the automorphism of Q[T] which maps 
a polynomial P G Q[T] to 

(\ a , b P)(T)=P(aT + b). 

This provides an injective map from Q + x Q to the group of automorphisms of Q[T], whose 
image is a subgroup C of that group. We define the height of an element X a ^ of C by 

H{\ aJb )=H{l,a,b). 

Since A~^ = \\/ a ,-b/a an d H(\,\/a,—b/a) = H(a,\,—b) = H{\,a,b), we have H(X~ l ) = 
if (A) for any A G £. A similar computation shows that H(XX') < 2H(X)H(X') for any 
A, A' G C Finally, we let the group C act on C by 

X a ,b = < + 

so that (AP)(0 = P(A • for any A G £ and any f G C. 

Lemma 4.1. Let A G £ ; /e£ P be a non-zero polynomial of Q[T], and let n be an upper 
bound for the degree of P. Then, we have deg(AP) = deg(P) < n, 

(3#(A)r < < (SH(X)r and H(X)^ < < H(\)». 

Proof. Without loss of generality, we may assume that P is a primitive polynomial of Z[T] 
of degree n. It is clear that degAP = n. Choose a G Q+ and b G Q such that A = X a ^, and 
let q be the least common denominator of a and b, so that H(X) = \q\ max{l, \a\, \b\}. Since 
q n X(P) = q n P(aT + b) has integer coefficients, we find 

H(XP) < \q\ n \\P{aT + b)\\< \q\ n {l + \a\ + |6|) n ||P|| < (3H (X)) n H (P) , 

and cont(AP) > \q\~ n > H(X)~ n = H(X)~ n cont(P). The remaining inequalities follow from 
the above with A replaced by A~ x and P replaced by AP, using H(X' 1 ) = H(X). □ 

Lemma 4.2. Let a G Q +; b G Q, and /e£ P &e an irreducible polynomial of Q[T]. Then, 
X a ^R is also an irreducible polynomial o/Q[T]. Moreover, it is an associate of R if and only 
if either we have a ^ 1 and R is a rational multiple of (a — l)T + b, or we have (a, 6) = (1,0). 

Proof. The first assertion follows from the fact that A aj b is an automorphism of Q[T] and 
that any automorphism of an integral domain maps units to units and irreducible elements 
to irreducible elements. 

Suppose that A^P is an associate of P. Then X a ,b permutes the roots of P in C, and so 
there is an integer k > 1 for which A* 6 fixes all roots of P. This means that the roots of R 
are also roots of the polynomial A^ 6 (T) — T. If a — 1, this polynomial is the constant kb 
and so we must have 6 = 0. If a ^ 1, it is a non-zero polynomial of Q[T] of degree 1 with 
leading coefficient a k — 1 ^ (since a > 0). In this case, P must also be a polynomial of 
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degree 1 and X a ,b fixes its root. This root must therefore be 6/(1 — a) and so R is a rational 
multiple of (a — 1)T + b. The converse is clear. □ 

Lemma 4.3. Let n,s,t G N* with st < n, let A be a finite subset of £ of cardinality at least 
s, let P be a non-zero polynomial of Q[T] of degree at most n, and let R be an irreducible 
polynomial o/Q[T] . Suppose that R divides A(pM) for each A G A and each i = 0, 1, . . . , t— 1. 
Then, we have 

(11) deg(R) < n/(st) and H(R) < (3 maxP(A)) 2n/(st) P(P) 1/(si) . 

Proof. By Lemma 14.21 the polynomials A _1 P with A G ^4 are all irreducible. Suppose 
first that no two of them are associates. Let A G A. Since R divides A(P^) for z = 
0, 1, — 1, we deduce that X~ 1 R divides PM f or the same values of z, and therefore that 
(A _1 P)' divides P. This being true for each A G ^4, we conclude that Wx^iX^R) 1 divides 
P. Since, by Lemma 14.11 the polynomials \~ l R have the same degree as R and height at 
least (3P(A))- dcs(R) P(P), we first deduce that deg(P) < n/(st) and then that 

H{P) > e- n Y[ HiX^RY > (3emaxH{X)y n H{R) st , 
XeA XeA 

which is stronger than ffTTT) . 

Suppose now that there exist two distinct elements A' and A" of A for which A'P and A"P 
are associates. Then, R is an associate of AP for the composite A = (A') _1 A". Since A is not 
the identity, Lemma [4.21 shows that R has degree 1, and using the explicit description of R 
given by this lemma we find H(R) < 2H(X) < AH(\')H(X"). Then, the inequalities ffTi~j) are 
again satisfied because of the hypothesis n> st. □ 

5. Basic small value estimates 

In the preceding section, we introduced a group £ of automorphisms of Q[T] and an action 
of it on C. With this notation, the following proposition constitutes the first step in all our 
small value estimates. 

Proposition 5.1. Letn,t G N* ; let A be a non-empty finite subset of £, and let E be a non- 
empty finite subset of C Suppose that \E\t < n. Moreover, let P be a non-zero polynomial 
of Z[T] of degree at most n, and let Q denote the greatest common divisor in Q[T] of the 
polynomials A(P'*') with A G A and < i < t. Then, upon putting 

dp = max{|P b1 (A • 01 ! A G A, £ G E, < j < 2t}, 

we have 

where C4 = max Agv 4 H(X) and ce = max^ gE |£|. 
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Proof. We apply Corollary 13. 2l to the family of polynomials A(P^) with A G A and < i < t. 
Each of them has degree at most n and, using Lemma 14.11 we find that their height and 
content satisfy 

H(\{P®)) < (3P(A))"P(P [l] ) < (6H(X)) n H(P) < (6c A ) n H(P), 
cont (A(P H )) > P(A)-"cont(P [il ) > H(X)- n cont(P) > c A n , 

where the last step in the second estimate comes from the hypothesis that P has integer 
coefficients. Moreover, upon writing A = X a ^ with a G Q + and b G Q, we find for each (e£ 
and j — 0, 1, . . . , t — 1, 

(A(pW)) b1 (£) = + J ^P^« + b)= + J ^P^(A • f) 

Since \a\ < H(X) < c A , we deduce that 

|(A(PM)) M (0| 



cont (A(PW)) 



< 2 2t c t + n 5 P < (2c A ) 2n 6 P . 



According to Corollary 13.21 this implies that 

n (sSj)' - c (( 6 ^'" ff ( p )) 2 "(( 2 ^) 2 "^)' £ "- 

where c = e 10n2 (2 + c_B) 4n ' £ '*A^* 2 . The conclusion follows using \E\t < n. □ 

The next proposition analyzes the outcome of the preceding result through the lineariza- 
tion process of §2J with the help of the degree and height estimates of Lemma 14.31 

Proposition 5.2. Let n,s,t& W with st < n, let A be a finite subset of C, and let E be a 

finite subset of C. Suppose that min(|^4|, \E\) > s. Moreover, let X be a real number with 

(12) X > max{3", c A , (2 + c E ) n , 5/' 2/n }, 

where c A and ce are as in Proposition ^. 1\ and assume that there exists a non-zero polynomial 
P of Z[T] of degree at most n and height at most X satisfying 

(13) max{|P bl (A • £)| 5 A G A, £ G E, < j < 2t} < X~ Kn/(st) 

for some real number k > 27. Then, there exist a primary polynomial S G Q[T] and a point 
(g£ with 

(14) deg(S)<— , H (S) < X 10 ^ and < X~ K ' n ^ 2 , 

st cont fib) 

where k! — (k — 27) /16. 

Proof. Upon replacing E by a smaller subset if necessary, we may assume without loss of 
generality that \E\ = s. Let Q be a greatest common divisor in Q[T] of the polynomials 
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A(pW) with A G A and < i < t. Since A E > min(l, <5g) s2 , the condition (fT2|) implies in 
particular that A E t2 < min(l, <5e)~ s2 * 2 < X n , and so Proposition 15.11 gives 

nf 13(01 \' v m — K)n V— 16 k' n 
Choose any A G A. Since Q divides \P, we find 

(16) deg(Q) < deg(AP) < n and H(Q) < e n H(XP) < (3ec A ) n H(P) < X\ 

where the estimates for the degree and height of XP come from Lemma I4TT1 Therefore Lemma 
12. II applies to the present situation with p = 4 and c = 8k'. It produces an irreducible factor 
R of Q in Q[T) with 

Since |P| = s, there also exists a point ^ G -E for which 

(18) i^-L < (x dc s^)p(p)")- K ' /(st) . 

v ' cont(.R) - V V ; y 

Moreover, according to Lemma 14.31 the polynomial R satisfies 

deg(i?) < - and H(R) < (3c A ) 2n/ist) H(P) 1 '^ < X 5 ' {st \ 
st 

like all irreducible factors of Q. Applying Lemma [27T1 to R with p = 5/(si) and c = 5k'/ (st) 2 , 
we deduce that some power S of R has the required properties (fT4"l) . □ 

It is not possible in general to improve significantly on the estimates fll6p . We will see 
however that this can be done when the set A contains a collection of automorphisms of the 
form A ai o with a in a multiplicatively independent subset of Q + (see §7]). This then brings 
a significant improvement on (fT7|) which automatically carries to (fl8|) . The later step going 
from (FT?]) to (1181) can also be improved in some instances by noting that the values of R on 
the set E cannot be uniformly small (see j jlOp . 

The next result proves the statements 1) and 4) of Theorem II .11 by choosing of 0\ = and 
0"2 = cr for Part 1), and o\ = o<i = a for Part 4). 

Theorem 5.3. Let £ be a transcendental complex number, let r be a non-zero rational num- 
ber, and let (3, o\, o~ 2 ; r , v be non-negative real numbers with 

(3>1, o-i < 3cr 2 , (1/3)0"! + cr 2 + r < 1 and v > 1 + (3 - (l/3)cri - cr 2 - r. 

Then, there are arbitrarily large values of n for which there exists no non-zero polynomial 
P G Z[T] of degree at most n and height at most exp(n^) with 

max{|P bl (z 1 ^ + z 2 r)| ; 1 < i x < n ai , l<i 2 < n a \ < j < n T } < exp(-n u ). 
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Proof. Suppose on the contrary that such a polynomial P exists for each sufficiently large 
integer n, and choose a real number 5 > such that 

v > 1 +f3- (1/3)0"! -o 2 -t + 45 and 1 > (l/3)o"i + cx 2 + r + 35. 

For a fixed large integer n and a corresponding polynomial P, define 

A = {\ il:i2r ]l<k< n^ 3 , 0<i 2 < (1/2K 2 }, 

E = + i 2 r ; 1 < % x < n 2ai/3 , < i 2 < (l/2)n a2 - ai/3 }, 

where the values of %\ and i 2 are restricted to integers. Put also 

s = [(2 + n a2+ai/3 )/3], t = [(1 + n T )/2], X = exp(n^), and k = n 35 . 

Assume first that 5 E > X~ n /^ 2 . Then, if n is sufficiently large, all the conditions of 
Proposition 15.21 are satisfied because we have 1 < st < n, \A\ > s, \E\ > s, cjs, < H{r)n a ' 2 
and ce < (|£| + |r|)n 2 °" 2 , while the hypothesis on P implies 

max{|P yi (A • x)\ ; A G A, x G P, < j < 2t} < exp(-n u ) < X~ Kn/ist \ 

In this case, Proposition 15.21 provides us with a non-zero polynomial S G Q[T] and a point 
x G P satisfying 

, 5n rr/oN /lOn^A , \S(x)\ ( 2n 1+ ?+ 25 \ 

deg( 5 )<-, H{S) and < exp ^-J . 

Write x = ii£ + i 2 r with zx,z 2 G Z and put Q = Xi lt i 2r S so that Q(£) = S(x). Then, Q is 
a non-zero polynomial of Q[T] and, using the crude estimates 1 < i\ < n and < i 2 < n, 
Lemma EJ] gives deg(Q) = deg(5'), 

§§<( MW )^> and ^|< (nH(r ))^> 

Since /3 > 1 and st < n, the last two quantities are bounded above by exp(n /3 /(st)) < 
exp(n 1+ ^ / (st) 2 ) for n sufficiently large, and so the polynomial Q satisfies 

(19) de gW )<|, i/«)<exp(i^) and < exp (-^) . 

If <5ej < X~ n ^ si ^ 2 , there exist integers ii and 2 2 not both with absolute value at most n 
such that |zi£ + z 2 r] < exp(— n 1+/3 /(st) 2 ). In this case, we define Q(T) = {i{r + i 2 r)^ n ^ st ^ . 
Since n/(st) > n 3<5 , this polynomial satisfies ([19]) if n is large enough. Thus, for each 
sufficiently large n, there exists a non-zero polynomial Q G Q[T] satisfying ffT9l . Since s and 
£ behave like polynomials in n, this contradicts Gel'fond's Lemma [2.21 □ 

Proof of Theorem \l.l\ part 2). Suppose on the contrary that for each sufficiently large inte- 
ger n, the polynomial P n satisfies 

(20) max {|P^(r^)| ; < i < n\ < j < n T } < exp(-n iy ), 
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and choose a positive real number 5 such that u > 1 + (3 — cr — r + 4<5. We claim that for 
any sufficiently large integer n, all the hypotheses of Proposition 15.21 are satisfied with 

P = P n , s= [(l + n CT )/2], t=[(l+n T )/2], X = exp(n /J ), « = n 35 , 
A = {l,r,...,r s " 1 }, A={Voi«^} and F = {£, r£, ■ ■ ■ , r'"^}. 

First of all, we have A • x G {r*£ ; < i < n a } for each A G *4 and each x G E, and so 
the main condition (fl3|) of this proposition follows from (|20|) and X Kn// ^^ < exp(n^). We 
also find C4 < H(r) s , ce < |£|max(l, |r|) s and 5^ > c\ where C\ = min{l, \r\, \r — 1|, |£|}. 
Since st < n, this implies that 3 n , c\, c E and 5^ s * ' n are all bounded above by for some 
constant > 1. As /3 > 1 + a, this shows that the technical condition (1121) is also satisfied if 
n is large enough. Then, Proposition 15.21 provides us with a non-zero polynomial S G Q[T] 
and an integer i with < i < s — 1 satisfying 

deg(5)<-, H(S)<e W ^—j and — ^ < exp ■ 

Put Q(T) = S(r l T) = X r ifiS, so that = S^r^). Then, Q is a non-zero polynomial of 
Q[T] and Lemma I4TT1 gives deg(Q) = deg(S'), 

< (3H(r) s ) d ^ and ^^l<H(rY d ^ s \ 
H(S) cont(Q) 

As (3 > 1 + a and st < n, these quantities are both bounded above by exp(n^/(st)) < 
exp(n 1+l3 /(st) 2 ) if n is sufficiently large, and then Q satisfies ffl9l) . Again this contradicts 
Gel'fond's Lemma E2 □ 



6. Estimates for an intersection 

Throughout this section, we fix a positive integer s and we denote by (ei,...,e s ) the 
canonical basis of Z s . For each x£Z s and each subset E of Z s , we define 

s 

0(x) = {x + ei,...,x + e,} and 0(E) = |J(£ + «*) = (J 0(x), 

i=l xe_E 

so that for subsets F and F of Z s , we have 

(21) # C (F - ei) n • • • n (F - e a ) £>(£) C F. 

We are interested here in the following type of result. 

Proposition 6.1. Let E and F be finite subsets of Z s with O(E) C F. Suppose that 
|F| < s 2 /4. Then, we have |F| > (s/2)|F|. Moreover, z/xi,...,x r denote the distinct 
elements of E, there is a partition F = F% II • • • II F r II F r+1 0/ F suc/i £/ict£ ; for each 
i = 1, . . . , r, we have Fj C 0(xj) and |Fj| > s/2. 
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Note that, for any given finite set E, the equivalent conditions ( l2Ti) hold with F = O(E), 
and then we have \F\ < s\E\. Thus any general estimate of the form \F\ > (s/c)\E\ with a 
constant c > 1 is optimal up to the value of c. The first assertion of the proposition shows 
that we can take c = 2 when \F\ < s 2 /A. We will show that similar estimates hold in general 
when the cardinality of F is at most polynomial in s, with similar partitions of E and F into 
subsets of relatively small diameters. In Appendix [HI we show that, for any pair of subsets 
E and F satisfying the slightly stronger condition E C Ff] (F — ex) D • • • D (F — e s ), we have 
\E\ < (l/s)\F\ log \F\, but the proof does not provide corresponding partitions for E and F. 

Proof. We first observe that the differences — ej with 1 < i, j < s and i ^ j are all distinct 
and thus, for any pair of distinct points x, y of Z s , the set 0(x) fl 0(y) contains at most 
one element. 

Define F { = 0{^) \ (C?(xi) U • • ■ U Ofa-O) for i = 1, . . . ,r, and let F r+l denote the 
complement of F\ U • • • U F r in F. Then, F±, . . . , F r+ \ form a partition of F with Fi C O(xj) 
for % = 1, . . . , r. By virtue of the preceding observation, we also have 

i-l 

1^1 > |0(xi)|- ^^(xOnOfe)! >a-(z-l) = a-i + l 
i=i 

for each i < r. In particular, this gives |i^| > s/2 for i = 1, . . . ,min(r, [s/2] + 1), and so 
1-^1 > (s/2)min(r, [s/2] + 1). Since |F| < s 2 /4, we conclude that r < s/2 and thus that 
l-FJl > s/2 for z = l,...,r. □ 

The statement of our main proposition requires more notation. Given any point x = 
(xx, ■ ■ ■ ,x a ) G Z s , we write ||x||i to denote its £i-norm \xx\ H — •+ \x s \. We also denote by U 
the subgroup of Z s given by 

U = {(xi, . . . , x s ) G If ; xi H h x s = 0}. 

For each integer k > 0, we define 

C k = {xeU; ||x||i<2A;}, 

and observe, for later use, that any point of has at most k positive coordinates and at 
most k negative coordinates. For any point x£Z s and any integer k > 0, we also define 

C fc (x) = x + C7 fe . 



Proposition 6.2. Le£ and F be finite subsets of7L s with O(E) C F. Suppose that 

(22) \F\ < [ S 

y } 1 1 - 2^ + 1)! V^ + 2, 

for some integer £ with < £ < s — 2. Then, we have 



(23) IFI > % \ \E\ 

\ } 1 1 - 2(£+ l) 1 1 
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More precisely, if E is not empty, there exist an integer r > 1, a sequence of points xi, . . . , x r 
of E, and partitions E = E\ II • • • II E T and F = F± II • • • II F r II P r +i of E and F which, for 
i — 1, . . . , r satisfy 

a)E i QC t {^ i ), b)FiCO(Ei), c) \Ft\ > J~^.J P»1- 



2(£+l) 



The proof of this result requires three lemmas. 



Lemma 6.3. Let k > be an integer, let C be a subset of and let D = 0(C). Then, we 
have \D\ > ((s - k)/{k + 1))|C|. 

Note that, since + C C P, we also have \D\ > \C\. Therefore, the conclusion of the 
lemma is interesting only when k < s/2. 

Proof. For each point (x,i) G C x {l,...,s}, we have either ||x + |[ i = ||x||i — 1 or 
||x + ej||i = ||x||i + 1. Denote by iV the set of points (x, i) in C x {1, . . . , s} which satisfy 
the first condition, and by P the set of those which satisfy the second condition. Since N 
and P form a partition of C x {1, . . . , s}, we have 

(24) \N\ + \P\ = s\C\. 

For any fixed xGC, the integers z G {1, . . . , s} such that (x, z) G iV are those for which 
the i-th coordinate of x is negative. Since C C C^, such a point x has at most k negative 
coordinates and therefore there are at most k values of i for which (x, i) G N. As this holds 
for any x G C, we deduce that 

(25) |JV|<ife|C7|. 

Consider now the surjective map ip : C x {1, . . . , s} — > -D given by yj(x, z) = x + ej. For 
any (x, i) G P, the z'-th coordinate of <£>(x, i) is positive. Since D C 0(Ck), any point y £ D 
has at most fc + 1 positive coordinates, and therefore we get |P fl y9 _1 (y)| < k + 1 for each 
y £ D. The surjectivity of then implies 

(26) |P| = ^|Pn^- 1 (y)|<(fc + l)|P|. 

yeD 

The combination of ([21]), (J2SJ) and (TJU) gives (fc + 1)|P| > |P| = s|C| - \N\ > (s - k)\C\, as 
announced. □ 

For any integer k > 0, any point x G Z s and any subset P of Z s , we define 

C fc (x,P) = C fc (x)nP and P fc (x, P) = C?(C fe (x, E)). 

With this notation, if a set P contains O(E), then it contains Pfc( x , P) for any > and 
any x G Z s . We can now state the next lemma. 

Lemma 6.4. Let E be a finite subset of 7L S . For any integer k > and any point x G If , 
we have 
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(i) \D k (x,E)\>^-^\C k (x,E)\, 

(ii) \D k (x,E)nO{E\C k (x,E))\ < (k + l)\C k+1 (x,E)\. 

Proof. Fix a choice of k and x, and put C = C k (pc, E) — x and D = D k (pc, E) — x. Then, 
C and D are subsets of If with the same cardinality as C k (x, E) and D k (x, E) respectively. 
Since they satisfy the hypotheses C C Cfc and -D = 0(C) of Lemma I5T31 the inequality (i) 
follows directly from this lemma. 

To prove (ii), it suffices to show that, for any y G E\C k (x., E) such that D k {x, E)nO(y) ^ 
0, we have y G C k+ i(x., E) and \D k {x.,E) fl 0(y)\ < k + 1. Fix such a point y, assuming 
that there exists at least one. Since -D fc (x, E) fl 0(y) ^ 0, there is an integer i G {1, . . . , s} 
such that y + e« G D k (x, E). For this choice of i, there is also a point z G Cfc(x, E) and an 
integer j e {1, . . . , s} such that y + ej = z + e^. Rewriting this equality in the form 

(27) y-x= (z-x) + (e i -e i ), 

we deduce that ||y — x||i < ||z — x||i + 2 < 2(k + 1) and also that y — x G U since U contains 
both z — x and ej — e^. Since y G E, this shows that y G Cfc+i(x, E). Moreover, since 
y ^ C k (x,E), we also have ||y — x||i > 2k and so ||y — x||i = 2k + 2, because ||y — x||i is 
an even integer. This observation combined with (1271) and the fact that ||z — x||i < 2k tells 
us that the i-th coordinate of y — x is negative. As y — x admits at most k + 1 negative 
coordinates, we deduce that there are at most k + 1 values of i such that y + G D k (x, E), 
and so \D k {x,E) n C{y)\ < k + 1. □ 

Lemma 6.5. Let E, F and £ be as in the statement of Proposition [KM For each xe£, 
there exists at least one integer k with < k < t such that 

(28) \D k (x, E) n 0(E \ C fe (x, E))\ < J ,~ \ \C k (x, E)\. 

2(k + 1) 

Proof. Suppose on the contrary that there exists x G E such that (12 8p does not hold for any 
k with < k < £. Using Part (ii) of Lemma 16.41 this gives 

2(k + l)\C k+1 (x,E)\ >2\D k (x,E)n<D(E\C k (x,E))\ > ^|C fc (x, E)\, 

for k = 0, . . . , £. Multiplying these inequalities term by term for all these values of k and 
noting that C (x, E) is the singleton {x}, we deduce that 

2^+l)!|Q +1 (x,£)|> ^* J. 

Since F contains Z?£ + i(x, i?), the above estimate combined with Lemma [6.41 (i) leads to 

|F| > \D l+1 (x,E)\ > i^i| Q+l(x , B )| > ^J-^^), 

against the hypothesis (1221) of Proposition 16.21 □ 
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Proof of Proposition \6.2 . Since the inequality ( |23i) from the first assertion of the proposition 
follows from the estimates c) of the second assertion, it suffices to prove the latter. To do 
so we proceed by induction on |F|. Let xi G E. Lemma 16.51 combined with Part (i) of 
Lemma 16.41 shows that there exists an integer k with < k < i such that, upon putting 
E 1 = C fc (xi, F) and Fx = D k (xx, E) \ 0(E \ Ex), we have 

\Fx\ = |D fc (xi, E)\ - |D fc (xi, E) n 0(E \ E x )\ 

Therefore the sets Ex and Fx fulfil the conditions a), b) and c) of Proposition 16.21 for i — 1. 

If E — Ex, this proves the proposition with r = 1 and F2 = F \ Fx. In particular, the 
proposition is verified when \E\ = 1. Assume therefore that E ^ Ex- We put E' = E\Ex 
and F' = By construction, F x and O(E') are disjoint sets. Since O(E') C £>(£) C F, 

this implies that O(E') C F'. Thus the hypotheses of Proposition 16.21 are also satisfied by 
E' and F' instead of E and F, with the same value of I. Since \E'\ < \E\, we may assume 
by induction that there exists an integer r > 2, a sequence of points x 2 , . . . ,x r of E' and 
partitions E' = E2 II ■ ■ • II E r and F' — F% II - • • II F r+ x which fulfil the conditions a) , b) , c) of 
the proposition for i — 2, . . . , r. Then the partitions E — F^II- • -IIFr and F = Fill- • ■IIF r+1 
have all the required properties. □ 

7. Estimates for the gcd 

We say that a finite subset A of Q + with s elements is multiplicatively independent if it 
generates a free subgroup of Q + of rank s. This happens for example when A consists of s 
prime numbers. The main result of this section is the following statement which immediately 
implies Theorem 11.21 

Theorem 7.1. Let A be a finite multiplicatively independent subset of Q +; let s be its 
cardinality, let P be a polynomial of Q[T] with F(0) 7^ 0, and let Q = gcd{F(aT) ; a 6 A}. 
Suppose that the number of non-associate irreducible factors of P is at most 

N ^ := G + 2) 2^+1)! 
for some integer I with < i < s — 2. Then, we have 

(29) deg(Q)<^-^deg(F) and log H (Q) < ^±il ( l og H (P) + c x deg(F)) 
where Ci = 8 + (4£ + 1) log(cA) and ca = max agj 4 H(a). 

The proof of the theorem proceeds first by a reduction to a specific type of polynomial P. 
To state and prove the lemma that we apply for this purpose, we use the following notation. 

For each a G Q+, we simply write A a to denote the automorphism A aj0 of Q[T] which maps 
a polynomial P G Q[T] to (A a F)(T) = P(aT) (see §1]). Moreover, for a given subgroup G of 
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Q+, we say that two polynomials Pi and P 2 of Q[T] are G- equivalent and write Pi ~g Pi 
if there exists a G G such that P2 = A a (Pi). We also say that a polynomial P G Q[T] is 
G-pure if it can be written as a product of G-equivalent irreducible polynomials of Q[T]. 

Lemma 7.2. Let G be a subgroup of Q +; let A be a finite subset of G, let P be a non- 
zero polynomial of Q[T], and let Q = gcd{P(aT) ; a G A}. Then, we can write P as a 
product P = Pi ■ ■ ■ P/v of G-pure polynomials Pi, ... , P/v with simple roots so that Q = 
YlLscd{Pi{aT);aeA}. 

Proof. We first observe that P can be written as a product P = P x • • • Pm of polynomials 
Pi, ... , Pm with simple roots such that P i+ i divides Pj for i = 1, . . . , M — 1, and that such a 
factorization is unique up to multiplication of each Pj by an element of Q*. For each a G A, 
the equality X a P = (A a Pi) ■ • ■ (AqPm) provides a factorization of A a P of the same type. From 
this we deduce that Q = Yii=i gcd{Pi(aP) ; a G A} is the corresponding factorization of 
This reduces the proof of Lemma 17.21 to the case where P has no multiple roots. 

Let Pi, ... , Rl be a set of representatives for the equivalence classes of G-equivalent irre- 
ducible factors of P. We can also write P as a product P = Pi • ■ ■ P L of G-pure polynomials 
Pi, . . . , Pl such that for each i = 1, . . . , L, all irreducible factors of Pi are G-equivalent to 
Pj. Again, such a factorization is unique up to multiplication of each Pj by an element of Q*. 
Moreover, for each a G A, the corresponding factorization of A a P is A a P = (A a Pi) ■ • • (A a Pi), 
and so we deduce that Q = Yli=i g c d{P(aP) ; a G A}. This further reduces the proof of 
Lemma 17.21 to the case where P is G-pure and so completes the proof of the lemma. □ 



Proof of Theorem \7. 1 . Let G denote the subgroup of Q + generated by A. We claim that the 
conclusion (129]) of the theorem holds with the constant c 2 = C\ — 2 instead of C\ when P is 
G-pure with no multiple factors. If we take this for granted and apply it to each factor in 
the factorization P — P 1 - ■ ■ P/v of P provided by Lemma 17.21 we find that for each i the 
polynomial Qi = gcd{p(aT) ; a G A} satisfies 

deg(Q 4 ) < pdeg(P) and log #(3,) < p(c 2 deg(P) + logP(P)) 

where p = 2(£ + l)/(s —£). Since Lemma I7T21 gives Q = Q\ - • ■ Qn, these inequalities in turn 
imply that deg(Q) < pdeg(P) and that 

N 

log H(Q) < deg(Q) +J2^gH(Q i ) 

i=i 

N 



1=1 

<p((c 2 + 2) deg(P) + log Pf(P)), 



as announced. 
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In order to prove our claim, we now assume that P is G-pure with no multiple factors. 
Without loss of generality, we may further assume that Q is non-constant. Write A = 
{ai, . . . , a s }, and for each x = (xi, . . . , x s ) G 7L S define a x := a^ 1 ■ ■ ■ a x s a . With this notation, 
we have a, = a Gi for i = l,...,s where (ei,...,e s ) denotes the canonical basis of If. 
Moreover, since ai,...,a s are multiplicatively independent, the map from Z s to G which 
sends each x G 7L S to a x G G is a group isomorphism. Choose an irreducible factor R of P. 
As -P(O) 7^ 0, the polynomial R is not a rational multiple of T, and so Lemma 14.21 shows 
that, for distinct points x, y G Z s , the translates R(a~ x T) and R(a~ y T) are not associates. 
Therefore P is an associate of rixeF F( a X F) for a unique finite subset F of Z s , and we find 

Q = gcd{n P(«" x a 4 T) ; i = l,..., a }=H F(a" x T), 

xGF xeE 

where E = (F — ex) fl • • • fl (F — e s ). We now apply Proposition 16.21 to the sets F and P. 
Since Q is non-constant, the set F is not empty and this proposition provides an integer 
r > 1, a sequence of points Xx, . . . , x r of E, and partitions 

E = E l II • ■ • II E r and F = Ft II • • • II F r II F r+1 

of F and F which, for i = 1, . . . , r, satisfy Fj C C^(xj), F{ C OiEi) and |Fj| < p|F;| where 
p = 2(£ + l)/(s — £). The third set of conditions implies \E\ < p\F\. Since for each x G Z s 
the polynomial F(a~ x T) has the same degree as R, we deduce that 

deg(Q) = \E\ deg(R) < p\F\ deg(R) = pdeg(P). 

To compare the heights of Q and P, we put Ri = F(a~ Xi T) for i = 1, . . . , r. The condition 
Ei C C^(xj) implies that, for each x G Fj, we have ||x — Xj||i < 2£ and so 

logP(a x - Xl ) < 2£ max logF(a fc ) = 2£\og(c A ). 

l<k<s 

Since F(a _x T) = Fj(a Xi_x T), Lemma ETT1 then gives 

| logP(F(a- x T)) - log H(Ri)\ < log(3F(a x - x *)) deg(F) < (2 + 2£\og(c A )) deg(F) 
for each x G Pi. Since Q = nj=i llxeFi F( a ~ x F), we deduce that 

r r 

logP(Q) -^2\Ei\ logH(Ri)\ < deg(Q) + ]T ^ | log H(R(a^T)) - logP(P i )| 

i=l i=l xGFi 

< deg(Q) + (2 + 2£log(c A ))|F| deg(P) 

< (3 + 2£log(c A ))deg(Q). 

The condition Fj C (9(Pj) in turn implies that, for each x G Fj, we have ||x — Xj||i < 21 + 1 
and so the same computations lead to 

r+1 

logP(P)-^|P|logP(P l )| < (3 + (2£+l)log( Cj4 ))deg(P). 
i=i 
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Putting all these estimates together we conclude finally that 

r 

logtf(Q) < (3 + 2£\og(c A )) deg(Q) + ^ |^| log H fa) 

i=l 
r+1 

< p((3 + 2^1og(c A )) deg(P) + \ F i\ hgHfa^ 

<p(c 2 deg(P) + log H{P)). 
where c 2 = 6 + (U + 1) log^). □ 

8. Further small value estimates 

The next result refines Proposition 15.21 in a context where the estimates of the preceding 
section apply. We use it below to prove Part 5) of Theorem 11.11 in a general form involving 
a subgroup of arbitrary rank. 

Proposition 8.1. Let £ > and n, t > 1 be integers. Let A be a finite multiplicatively 
independent subset ofQ + , let s = \A\ denote its cardinality, and let E be a finite non-empty 
subset of C x . Assume that 

(30) s > max{£ + 2, 2£} and max(s, \E\)t < n < N(s, £) : = 
Finally, let X be a real number satisfying 

(31) X e > max{3 n , c% (2 + c E ) n , 5~ lEl2t2/n }, 

where e = (4£ + 10)" 1 , ca = max agj 4 (a) and ce = max^g max{|^|, Suppose that 

there exists a non-zero polynomial P of Z[T] of degree at most n and height at most X 
satisfying 

(32) max{ | P [j] (a£) | ; a G A, £ e E, < j < 2t} < X- Kn/mt) 

for some real number k > 2 + 34e. Then, there exists a primary polynomial S E Z[T] with 

(33) deg(S) < — , H(S) < X i/{st) and \\ \S{£)\ < X~ K ' n/t \ 

where «' = («- 2 - 34e)/(64(£ + 1)). 

In the applications that we will make of this result, the cardinality s of A is bounded 
below by n a for some real number a > 0, and so the condition n < N(s,£) is satisfied with 
£ = [1/cr] provided that n is large enough. 

Proof. Write P in the form P(T) = T m P(T) where P(T) e Z[T] is not divisible by T. Then, 
P also has degree at most n and height at most X. Moreover, for any a e A, any £ 6 and 



1 



2y (£+ l)!2^+ r 
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any integer j with < j < 2t, we find 

|pW(a0| = B- 1 )"( m+ /! l " 1 )(^)" W ~' lp ^ 1 (^) 

j 

<J22 m+h - 1 m&x(l,H(a)\£\- 1 ) m+2t max |P [i] «)| 

< (2c A c i; ) m+2 'X- Kn /( t l E l). 
Since n > t\E\ and (2c A c s ) m+2 * < (2c A c E ) 3n < X 9e , we conclude that 

(34) max{|P b ' ] K)l 5 « e A, £ e E, < j < 2t} < X - {K - 9e)nl{m) . 

Let Q be the greatest common divisor in Q[T] of the polynomials P(aT) with a G A Since 
A is a multiplicatively independent subset of Q + , since P(0) ^ 0, and since the number of 
irreducible factors of P is at most deg(P) < n < N(s,£), Theorem 17. II gives 

deg(Q) < ^±ildeg(P) < 4(£+ 1)- 
s — t s 

and 

log H(Q) < ^±il ( bg H ^ P) + (8 + (4£ + 1} log(cA)) deg(iS) ^ 

< 4(£ + 1) ( log(X) + 8n + (U + 1) log(c A )n) 
s 

<4(£+l)(2-e)^- 
s 

where the last estimation uses max(l, logc^)^ < elogX and {A£ + 10)e = 1. 

Let Q be the greatest common divisor in Q[T] of the polynomials P^(aT) = X afi (P^)(T) 
with a £ A and < j < t. Since Q divides Q, we have 

deg(Q) < 4(^+1)- and logP(Q) < deg(Q) + logP(Q) < S(£ + 1)^-. 

s s 

Moreover, Proposition 15.11 applied to P gives 

nf 10(01 Y 

Al VcontCQ)),/ 

This means that Q satisfies the hypotheses of Lemma 12.11 with p = 8(£ + l)/s and c = 
32(£ + 1)k'. Consequently there is at least one irreducible factor R of Q in Q[T] which 
satisfies 

(35) n@j))' < (^"wr 2 "''- 

By Lemma 14.31 this polynomial also satisfies 

de g(i?) < 1 and tf(P) < ((3c A ) 2n H(P)) 1/{st) < X^'^ < X 2 ' {st l 
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Applying Lemma I2TT1 to R with p = 2/(st) and c = 2pn's = Ak' /t, we deduce that some 
power S of R satisfies 



deg(S) <|, H { S)<X^> and n(S)' 



The quotient of by its content is then a (non-constant) primary polynomial of Z[T] with 
the required properties (I331) . □ 

For m = 2, the following result reduces to Part 5) of Theorem 11.11 

Theorem 8.2. Let £i, . . . ,£ m 6e Q-linearly independent complex numbers which generate a 

field of transcendence degree one over Q. Let /3,o~,t,v eM u>rf/i 

„ 3ma , „ ^ 2ma 

a > 0, r > 0, /3 > 1 > hr and v > 1 + /3 r. 

m + 2 m + 2 

Then, for infinitely many integers n > 1, there is no non-zero polynomial P G Z[T] o/ degree 

at most n and height at most exp(ra /3 ) which satisfies 

\P b] (ii£i + --- + imU)\<eM-n' / ) 
for each choice of integers ii, . . . , i m , j with < i\, . . . ,i m < n a and < j < n T . 

Proof. Suppose on the contrary that such a polynomial exists for each sufficiently large value 
of n. Then we have a > by [7, Prop. 1]. Moreover, since £i, . . . ,£ m are not all algebraic 
over Q, we may assume without loss of generality that £i is transcendental over Q. Define 
a 



A 



m + 2' 



mX 



S = — min {4mA, 1 — 3mA — r, v — 1 — (3 + 2mA + t} , 



and note that the hypotheses lead to 5 > 0. 

For a given positive integer n, define A to be the set of all prime numbers p with p < n mX , 
and define E to be the set of all linear combinations zi£i + • • • + i m Cm with integer coefficients 
in the range 1 < i±, . . . , i m < n 2X , which are not algebraic over Q and have absolute value 
at least 1. Since for fixed i 2 ,...,i m , there are at most 1 + 2/|£i| values of i\ for which 
+ ■ • ■ + imim has absolute value less than one, and at most one value of %\ for which it 
is algebraic over Q, we readily get that, for n sufficiently large, we have 

n mx-s <\A\< n mX and n 2mX ~ & <\E\< n 2mX . 

Suppose first that 5e > exp(— ■ n , 1 +^ 4mA-2r ~' 5 ). Then, we claim that, if n is sufficiently 
large, all the hypotheses of Proposition 18.11 are satisfied with the choice of 

s=\A\, t = [(1 + n T )/2], X = exp(n /3 ), and k = n 65 . 

First of all, we have max(s, \E\)t < n because 2mA + r < 1. As 5 < m\/2, we have 
s > n mX / 2 and so N(s, £) > n for n large enough. For large n, we also find ca < n, ce < n 
and 8fi E ^ 1 < exp(n /3_<5 ) < X e with e = (4£ + 10) _1 , while the hypothesis on P gives 

max{|P yi (aOI ; a e A, f e < j < 2£} < exp(-^) < x- Kn/{tm . 
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Consequently, for each sufficiently large value of n, there exists 5 G Z[T] \ {0} with 



deg(5)<-, H{S) and J] |5(0I < exp( 



Since \E\ < n 2mX , the last condition implies the existence of a point £ & E such that 

1 5(0 1 < exp(-n 1+/3 - 2mA ~ 2r+5(5 ). 
Moreover, since £ is transcendental over Q, we have 5(0 ^ 0. Define 

<3(Ti, . . .,T m ) = S(ii_Ti H h i m T m ) e Z[T U . . . ,T m ], 

where i\, . . . , i m are the positive integers for which £ = zi£x + ■ ■ • + i m £,m- Since i±, . . . , i m are 
bounded above by n 2X , we find, assuming that n is sufficiently large, 

deg(Q) < mdeg(5) < n ^-^-r+2S ^ 
H(Q) < (l + mn 2X ) dcs{s) H(S) < exp(ri /3 ~ mA - r+2(5 ), 
0< |Q(6,.--,UI = |5(0I <eM-n WmX ~ 2T+ " 6 ). 

Suppose now that 5e < exp(— n 1+/3 ~ 4mA_2r_ ' 5 ), and choose integers ii,...,i m not all zero, 
in absolute value at most n 2A , such that + ••• + i m £ m | = 5e- Then, if n is large 
enough, the polynomial Q = {i\T\ + • • ■ + imTmy 2n ^ st ^ satisfies the same final estimates as in 
the preceding case, because S [2n/{st)] < exp(-n 2+l3 - 5mX - 3r - s ) < exp(-n 1+p - 2mX - 2r+75 ). The 
existence of such a polynomial Q for each n large enough contradicts Lemma [2.21 □ 

9. A NOTE ON Zarankiewicz problem 

Given integers mx,ni,m,n with 2 < m\ < m and 2 < n\ < n, a well-known problem of 
K. Zarankiewicz asks for the smallest integer k = fc(mi, n\\ m, n) such that any mxn matrix 
with coefficients in {0, f } containing at least k ones admits a sub-matrix of size mi x n\ 
consisting only of ones. Chapter 12 of the book |3j by P. Erdos and J. Spencer provides 
general estimates for this quantity along with references to early work on this problem. In 
particular, we mention a result of T. Kovari, V. T. Sos and P. Turan [B] which shows that 
k(2, 2; n, n) = n 3 ^ 2 (l — o(l)). In the next section, we will use the following result which we 
view as an estimate for a continuous version of Zarankiewicz problem in the case mi = 2. 

Proposition 9.1. Let A and E be finite non-empty sets, let k% and k 2 be positive real 
numbers, and let ip: A x E [0, jcjJ be any function on Ax E with values in the interval 
[0, K\\ . Suppose that the inequality 

holds for any pair of distinct elements a\ and a 2 of A. Then, we have 



„c A tc TP. \ / 
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This gives k(2, ni;m, n) < 1 + n + (ni — l)m(m — l)/2 in connection to the problem of 
Zarankiewicz mentioned above. Indeed, an m x n matrix with coefficients in {0, 1} can be 
viewed as a function (p: A x E —>■ {0, 1} where A = {1, . . . , m} and E = {1, . . . , n}. If it 
contains no 2 x ri\ sub-matrix consisting entirely of ones, the hypotheses of the proposition 
are satisfied with K\ = 1 and k 2 = n% — 1 and consequently the matrix contains at most 
n + (ni — l)m(m — l)/2 ones. 

Proof. Let [0, oo)^ denote the set of all functions from E to [0, oo). We first observe that, if 
and ip belong to this set then their minimum, their maximum and their sum 

(36) + ip = min(0, ip) + max(0, ip) 

also belong to it. Moreover, the £i-norm of any function 0: E — > [0, oo) is simply ||0||i = 
^2^ GE 4>{0- Therefore the ^-norm is additive on [0, oo) E and by applying it on both sides 
of the equality fl36|) with functions 0, tp e [0, oo) E , we obtain 

(37) Uh + || Vila = II min{0,V}||i + || max{0, ^}|| x . 

Let m = \A\ and let ai, . . . , a m denote the m elements of A. For i — 1, . . . , m, we define a 
function 0$: E — > [0, Ki] by putting 0j(£) = y?(cij,£) for each £ e By hypothesis, we have 
|| min(0j, 0j) ||i < AC2 for any pair of integers i and j with 1 < 2 < j < m. So, for j = 2, . . . , m, 
the function min(max{0!, . . . , 0j_i}, 0j) = max{min(0!, 0j), . . . , min(0 J _ 1 , 0,,)} satisfies 

i-i 

|| min(max{0a, . . . , ^^i}, || 1 < || min(0i, i )|| 1 < (j - 1)k 2 . 

i=i 

Applying fl37j) with = max{0i, . . . , 0j-i} and i/j — <f)j, we deduce that 

|| max{0i, . . . , 0j-_i}|| a + ||0ji < (j - 1)k 2 + || max{0i, . . . ,0j}||i. 
Summing these inequalities term by term for j — 2, . . . , m, we obtain after simplification 



fit 



'j||i < 5^(j - 1)^2 + || max{0i, . . . ,0 m }||i. 



j=i 3=2 

Since max{0!, . . . , m } takes values in [0, K\], its ^x-norm is at most /ci|£?|, and the conclusion 
follows upon noting that Y, ae A Egei^KO = EJLi l|0j||i- n 

10. Values of polynomials at multiples of £ 

In this section, we first prove Theorem 11.31 as a consequence of the next proposition, and 
then proceed with the proof of Theorem II. 1[ part 3). 

Proposition 10.1. Let n e N* ; let A be a finite subset of Q + , and let E be a finite subset 
of C x . Assume that 

(38) |^4|>2 and 0^})<\E\<n. 
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Finally, let e and X be real numbers with 

(39) 0<e<^ and X € > max{e n , c% (2 + c E ) n , A~ 1/n }, 

where ca = max aeJ 4 H(a) and ce = max^^ max(|£|, |^| _1 ). Suppose that there exists a 
non-zero polynomial P o/Z[T] of degree at most n and height at most X satisfying 

(40) Y[ Y[\P(aO\ <X- WK ^ n 

for some real number k > 6. Then, there exist a primary polynomial S G Q[T] and a point 
£ G E satisfying 

deg(S) < n, H{S) < X 2+2e and < X' Kn . 

Proof. Applying the linearization Lemma 12.11 b) with p — 1 and c = 8/t|i?|, we find that 
there exists a power Q of some non-constant irreducible factor of P in Z[T] satisfying 

(41) deg(Q) < n, H(Q) < X 2 and J] J] |Q«)| < ^~ 2 -l^l-. 

We also note that Q is not a power of T because, for each a G A and each £ G E, we 
have |a| > c^ 1 > X~ e / n and |£| > c E x > X _e / n and so, for a power of T, the product 
ILe^He*: I<3( a 0l would be bounded below by X~ 2e \ A W E \ > X~ Ae ^ n against the upper 
bound. For each a G A and each £ G -E, we find 

||g(aT)||>iJ(a)-"||g||>c7>X- and J^^L < (|£| + 1)» < (c E + 1)" < X E . 

Therefore we can write 

(42) ^(x, 10(^1) >Jgg_ = ^<>. 

for some real number <^(a, £) > 0. This define a function ip: A x — > [0, oo) which, by the 
last condition of (14TI) . satisfies 

(43) 5353^(o,0 >2«|S|. 
Moreover, for each a G A, Lemma [4.11 gives 

(44) H(Q(aT)) < (3H(a)) n H(Q) < (3c A ) n X 2 < X 2+2e . 

We claim that we have (p(a,£) > k + e for at least one choice of a G A and £ £ E. If we 
admit this result, then for such choice of a and £ the polynomial S(T) = Q(aT) and the 
point £ have all the required properties. First of all, Lemma [4.21 shows that S is, like Q, a 
primary polynomial of Q[T]. Its degree is at most n and by (|44|) its height at most X 2+2e . 
Finally, by definition of if (a, £), we also have 



\s(0\ . IQK)I 



\S\\ \\Q(aT)\\ 
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To prove our claim, we proceed by contradiction assuming on the contrary that if takes 
values in [0, k + e]. Let a% and a2 be two distinct elements of A. We apply Proposition 13.11 
to the polynomials Q(a\T) and Q(ci2T) with s = \E\ and t — 1. Since Q is primary and not 
a power of T, and since a\jai 7^ ±1, Lemma T4.2I shows that these polynomials are relatively 
prime in Q[T]. Therefore, the proposition gives 

(45) 1 < cHiQia^rHiQia^r ]J max 

f e % {\\Q{ a i T )\\ \\Q( a 2 T )\\) 

where c = e 7n2 (c B + 2) 4 l i? l n A~ 1 . Using \E\ < n and the hypotheses ([38]), we find c < X 12en . 
Substituting this into (115I) and using (jUj) and ( 1421) . we find 

J <^ J£"12en^j£"2-f-2e^2n j^-e— ri min{<p(ai ,£),(/?(a2 ,£)} 

and therefore, since \E\ < n and e < 1/10, we finally obtain 

min{^(oi, 0, <P(02, 0} < 6 - 3e. 



According to Proposition 19.11 this implies that 

^ < (6 - 3e) A 1 J + (k + e)|£| < (6 + « - 2e)|£| < 2k\E\, 

in contradiction with (j43p . Therefore <£> must take at least one value greater than k + e. □ 

Proof of Theorem It suffices to prove the result in the case where a = 1. We proceed 
by contradiction, assuming on the contrary that for each sufficiently large n there exists a 
non-zero polynomial P n G Z[T] of degree at most n and height at most exp(n^) satisfying 
riaeA„ rifeefin \Pn{.ob^)\ < exp(— n 1+/3+2M+5 ). We claim that, for n large enough, all the 
hypotheses of Proposition 110.11 are satisfied with the choice of A = A n , E = B n £, e = 
1/10, X = exp(n /3 ), P = P n and k = n s . First of all the conditions fl38|) and fT40l are 
fulfilled because the prime number theorem shows that the cardinalities of A n and B n behave 
respectively like n M /(/zlogn) and n 2M /(2/i logn), and we have 2/i < 1 < (3. Finally the 
condition (l3T)j) is also satisfied as we have C4 < n, ce < n and A E > 1 (for n large enough). 
Therefore, there exist a point h E B n and a non-zero primary polynomial S of Q[T] with 

deg(S) < n, H{S) < exp(3n /3 ) and J^lP < exp(-n 1+/3+5 ). 

Upon dividing S by its content, we may assume that S G Z[T]. Then, assuming again that 
n is sufficiently large, we deduce that the polynomial Q = S(bT) G Z[T] satisfies 

deg(Q) < n, #(Q) < exp(n /3+<5/2 ) and |Q(f)| < exp(-n 1+/3+5 ), 

against Gel'fond's Lemma [2. 2[ □ 
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Proof of Theorem \l.l[ part 3). Suppose on the contrary that, for each sufficiently large n, 
the polynomial P n satisfies |P„ (z£)| < exp(— n u ) for each choice of integers i and j with 
1 < i < n u and < j < n T . By pO, Prop. 1], we must have a > 0. Define 

£=[4/a] and 5 = (1/5) (v - 1 - (3 + (3/4)<r + r) . 

For a given integer n > 1, let A = A n be the set of all prime numbers p with p < n "/ 4 , and 
let E = AB£ where B = B n is the set of all prime numbers p with n CT / 4 < p < rfl 2 . We 
claim that if n is sufficiently large, all the hypotheses of Proposition 18.11 are satisfied with 
the additional choice of 

t=[(l + n T )/2], X = exp<y), P = P n and k = n 4S . 

The conditions fl30l) are fulfilled because we have (3/4)a + r < 1 and for large enough values 
of n the prime number theorem gives 

^(logn)- 1 <\A\< n CT/4 and n 3CT/4 (logn)~ 2 < \E\ < n 3a/ \ 

The conditions ( 13T1) are also satisfied because we have (3 > 1 and for large enough values of 
n we find ca < n, ce < n and 5 B * ^ n < min(l, |£|)~ n < (since |P|t < n). Finally, as 
the product AE is contained in {£, 2£, . . . , [^ <J ]^}, the hypothesis on P gives 

(ax) | ; a G A, x G P, < j < 2t} < exp(-n u ) < X- Kn/{m \ 

and so the main condition (1521) is also satisfied. Consequently, for each sufficiently large 
value of n, there exists a non-zero polynomial S G Z[T] with 

deg(S) < ^ < n 1 -/ 4 -^ 5 , 
ff(S)<«p (|Q <exp(^/ 4 -^), 

nni 5 «)i<ex P (-^- 2 ^), 

a&A b€B 

upon noting, for the last inequality, that any element of E can be written uniquely as a 
product ab^ with a £ A and 6 G -B. This contradicts Theorem 11.31 (with fx = a/4). □ 

11. Higher transcendence degree 

In this section, we prove the part 6) of Theorem 11.11 by combining its part 3) with the 
following result. 

Proposition 11.1. Let n, s G N* with s < 2n, let E and F be finite subsets ofC with G E 
and \F\ = s, and let P be any non-zero polynomial of Z[T] of degree at most n. Put 

5p = max{|P(£ + 7])] ; £ E E , i] E F}. 

Then there exists a non-zero polynomial R G Z[T] satisfying 
(i) deg(P) < n 2 , 
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(ii) H(R) < 6 n2 H(P) 2n , 

(iii) max {\R [k] (0\ ; £ e P, < £; < [s/2]} < cH(P) 2n min(l, 5 P ) S ' 2 , 
where c = A^ 1 (8 n (l + cs) n (l + cp) s ) 3n , ce = maxg g £: |£| and cf = max, e p \q\. 

Proof. We may assume without loss of generality that P is primitive. Suppose first that its 
degree is n. We claim that the resultant R(U) of P(T) and P(T + U) with respect to T has 
the required properties as a polynomial in the new variable U. Since P(T) and P(T + U) are 
relatively prime elements of Z[T, U], we know that R(U) is a non-zero polynomial of Z[C/]. 
To prove the estimates (i), (ii) and (iii), we apply Lemma 13.41 with L = Q(U), m = 2n, 
t = 1, Q = 1, the role of £i, . . . , £ s played by the points rji, . . . , T] s of F, and the sequence of 
polynomials Pi, ... , P m given by 

(46) P(T), TP(T), . . . , T n - l P(T), P(T + U), TP(T + U),..., T n ~ l P(T + U). 
In the notation of Lemma 13.41 this gives 

(47) R(U) = det(^(P 1 ), . . . , ^(P m )) = iA- 1 de%(P), . . . , <p(P m )) 

where A = rii<i<i< s (^ ~ 7 &)" 

To perform the required estimations, we use the following additional notation. For each 
polynomial G in C[U] or C[T,U], we denote by \\G\\i the sum of the absolute values of its 
coefficients (its length). For a row vector G = (Gi, . . . , G m ) G C[P] m , we denote by deg(G) 
the maximum of the degrees of Gi, . . . , G m and we put ||G||i = ||Gi||i + • • • + ||G m ||i. We also 
define G^ = (G [ f\ Gm) for each integer k > 0. We use the same notation for column 
vectors. 

By definition, ip maps a polynomial G G C[T, U] with deg T (G) < m to the row vector 
ip{G) G C[P] m formed by its coefficients as a polynomial in T over the ring C[U]. Thus we 
have deg(ip(G)) = deg t7 (G) and ^(G)^ = ||G||i. Applying this to the representation of 
R(U) given by (|47p in terms of r/>, we obtain 

m 

deg(P) < ^degV(Pi) = nde gu (P(T + U)) = n 2 , 
i=i 

m 

\\R\\i < II IIW)lli = \\P(T)\\ n i \\p(t + um < 6 n2 H(P) n , 

1=1 

where the last step uses the crude estimates ||P(T)||i < ||P|| ||(1 + T) n ||x = 2 n H(P) and 
similarly ||P(T + I7)||i < ||P|| ||(1 + T + U) n \\i = 3"H(P). This proves (i) and (ii). 

For j = 1, . . . ,m, let Cj(U) denote the j-th column of the m x m matrix with rows 
V?(Pi), . . . , <p(P m ). By virtue of (STJ), we have R(U) = iA" 1 det(Ci(t7), . . . , C m (£/)). Using 
the multi-linearity of the resultant, we deduce that for each integer k > we have 

(48) P [fc] (P) = ±A- X ^ det(Cf l] ([/),..., C^ m] ([/)) 
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where the sum runs through all partitions of k into a sum of m non-negative integers 

hi k 

For j = 1, . . . , s, the transpose of Cj{U) is the row vector formed by the values at r]j of 
the sequence of polynomials fj46|) : 

tCjiu) = (p( Vj ), . . ., v r lp (vj), p{u + vj), ■ ■ .,vr lp ( u + n))- 

For £ e E, this gives 

(49) ||Q(Olli< 2(1 + \ Vj \) n max(\P( Vj )\,\P(Z + Vi)\)< 2(1 + c F ) n 5 P , 

since both ^ and £ + 7/j belong to P + P (as & E). For each integer > 1, we also find 

*cf ] (0 = (o, . . . , o, pW(e + . . . , ^r lp[fc] (^ + ^))» 

and therefore 

ncj fel (e)iii<(i + i%iri^ ] (e+%)i 
(so) ^(i+it&ira+iei+yrn^* 1 !! 

<2 n (i+ Ci? ni+c F ) 2n #(p). 

For j = s + 1, . . . , 2n, the transpose of Cj(U) is the row vector made of the coefficients of 
T J_1 from the polynomials of the sequence ( 1461) . It is given by 

*£.([/) = (P^(0),...,Pb'- n J(0), P y - 1] (£/),..., P y ~ n] (£/)), 

with the convention that pW = when z < 0. For each integer k > 1, this gives 



*Cf ] (17) = ( 0, . . . , 0, ( J j _ 1 1 J P^- 1 ! (17) , . . . , ( ^ _ n " ) pb'+ fe -] (C/) 



with the additional convention that the binomial symbol is zero when its lower entry is 
negative. From this we deduce that, for each k > and each £ e P, we have 

(51) ||Cf ] (f)||i < ^2 n max max(|pW(0)|, |P [i] (OI) < 2 3n (l + c E ) n H(P). 

0<i<n 

For each integer k with < k < s/2 and each partition of A; as a sum of non- negative 
integers hi, . . . , k m , there are always at least s/2 indices % with 1 < % < s for which fcj = 0. 
Thus, for such k and any £ e P, the formula (HHj) combined with (jl9l . (!50|) and (|5"T|) gives 



|PW(0I < A^ 1 ( * + m " X ) max ff ||d %1 (£)|| a 

V / j = l 



< A F 1 2 3n (2 3n {l + c E ) n ) {1 + c F ) 2ns H{P) 2n mm{l,5p) s/2 . 

This proves (iii) with c replaced by d = A~ F 1 2 9n2 (1 + c E ) 2n \l + c F ) 2ns . 

In the general case where P has degree d < n, we apply the preceding estimates to 
P(T) = T"~ d P(T). Since P has degree n, same height as P, and since it satisfies 

|P(£ + 7?)| < max(l, |e| + 1^1)"^ < (1 + c B ) n (l + c F )"5 P 
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for any £ G E and r\ G F, we conclude that the corresponding polynomial i? satisfies (i), (ii) 
and (iii) with the given value of c. □ 

Proof of Theorem \l.l[ part 6). Suppose on the contrary that for each sufficiently large n, 
the polynomial P n satisfies |P n (i£ < exp(—n u ) for i = 0, 1, . . . , [n a ]. If a — 0, it follows 
from Lemma 12.21 that both 77 and £ + 77 are algebraic over Q. This is impossible since £ is 
transcendental over Q. Thus, we have a > and so there exists 5 > such that cr > 5 and 
v > 3 + P — (11/4) a + 55. We apply Proposition 111.11 with n replaced by [y/n\, 

P = P [yM , E = {i£; < i < 2n {u - &)/2 } and F = E + 77. 

For n sufficiently large, we have max(c E ,c F ) < n ff/2 , A F > 1, 2n^~ 5 ^ 2 < \E\ = \F\ < 
[\/n\, and max{|P(x + y)\ ; x G E, y G F} < exp(— (l/2)r2^ 2 ). So, there exists a non-zero 
polynomial i? G Z[T] with deg(R) < n, H(R) < exp(n (1+/3+<5)/2 ) and 

max {\R y] (iO\ ; < i,j < n^- 5)/2 } < exp(-n {u+a - 25)/2 ). 

This contradicts Theorem 11.11 part 3). □ 

Appendix A. Construction of polynomials with given properties 
The following result derives from a simple application of Dirichlet box principle. 

Proposition A.l. Let m G N* , let £1, . . . , £ TO G C, and let (3, o~i, . . . , a m , r, v be positive 
real numbers with o\ + • • • + a m + r < 1 and 1<u<1+(3 — o\ — — cr m — r. For each 
sufficiently large integer n > 1, i/iere exists a non-zero polynomial P n G Z[T] 0/ degree at 
most n and height at most exp(n /3 ) satisfying \Pn\hCi + • • • + i m im)\ < exp(-n^) for any 
choice of integers i%, . . . ,i m and j with < i\ < n ai , . . . , < i m < n Um and < j < n T . 

Proof. For each sufficiently large integer n, the conditions imposed on the polynomial P n con- 
stitute a system of at most 2n ai+ "' +r7rn+T linear inequations in its n + 1 unknown coefficients, 
each having itself complex coefficients of absolute value at most 2 n (n CT1 |£i| + • • - + n arn |£ m |) n < 
exp(n u ). The conclusion follows by applying a generic version of Thue-Siegel lemma like [TJJ 
Lemma 4.12]. □ 

In the case where o~\ = ■ ■ ■ = o~ m = a, the main condition on the parameter v in Proposition 
IA.1I becomes v < 1 + (3 — ma — r. The next proposition shows that in some instances, for 
m > 3, the weaker condition v < l+/3 — 2a — r suffices even for a set of Q-linearly independent 
points £1, . . . ,£ m . 

Proposition A. 2. Let m G N* with m > 3 and let (3, a, r, v be positive real numbers with 
2a + r < 1 and 1 < v < 1 + /3 — 2a — r. There exist Q-linearly independent complex numbers 
£1, . . . , £ m with £x = 1, which satisfy the following property. For each sufficiently large integer 
n > 1, there exists a non-zero polynomial P n G Z[T] of degree at most n and height at most 
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exp(ra /3 ) satisfying \Pn + h i m C,m)\ < exp(— n 17 ) /or any choice of integers ii,...,i m 

and j with < i±, . . . , i m < n a and < j < n T . 

As the proof will show, these examples are ruled out if we assume that £i, . . . , £ m satisfy 
an appropriate measure of linear independence over Z. 

Proof. Without loss of generality, we may assume that v > [3. Choose 5 > such that 5 < a, 
mS + 2a + t < 1 and u-\-5<l-\-j3 — m5 — 2a — r. A simple adaptation of the argument of 
P. Philippon in the appendix of [9] (based on a result of Khintchine [5]) provides Q-linearly 
independent complex numbers £i = 1,£ 2 , ■ ■ ■ ,£,m with the property that, for each integer 
n > 1 and each k — 3, . . . , m, there exist integers a k ^ n , b ktTl and c kyTl with 

max(\a k>n \, \b k>n \) < \c Kn \ < n 5 and \a kjU + b k ^ 2 + c kjTl £ k \ < exp(-r^ +<5 ) 

(the choice of the function exp(— n v+s ) is adapted to our purpose, but any positive val- 
ued function of n G N would work as well; the only new requirement is the condition 
max(|afc jn |, \b k , n \) < \c k>n \ which is easily fulfilled). By Proposition IA.1[ for each n suffi- 
ciently large, there exists a non-zero polynomial P n G Z[T] of degree at most n and height 
at most exp(n /3 ) such that |Pj^(z'i£i + • • • + i m tm)\ < exp(— n u+s ) for any choice of integers 
ii, . . . , i m and j with < ii,i 2 < n a+s , < i%, . . . , i m < n 5 and < j < n T . We claim 
that this sequence of polynomials has the required property. To show this, choose integers 
n, ii, . . . , i m and j with n > 1, < . . . , i m < rf and < j < n T . After division, one can 
write the point £ = + • • • + i m £ m as a sum £ = £' + rj where £' = + • • • + i' m ^ m and 
V = 2~2T=3 <lk{a k ,n + b ki n£ 2 + Cfc,„£fe) for integers i k and q k satisfying \i' k \ < mn a for k = 1,2, 
\i' k \ < n 5 for k — 3, . . . , m, and < q k < n a for k — 3, . . . , m. For n large enough, this gives 

\pM)\ < Woi + m ii^iia +iei + ieir 

< exp(-^ +<5 ) + (mn CT exp(-n i/+<5 ))(2 n exp(n /3 ))(4mn a ) n 

< exp(— n"). 

□ 

Appendix B. A note on intersection estimates 

We prove the following result as a complement to the estimates of $61 

Proposition B.l. Let s be a positive integer and let F be a non-empty finite subset of 7L S . 
Define E = F H (F — D • • • D (F — e s ), where (e 1; . . . , e s ) denote the canonical basis of 
If. Then we have \E\ < \F\ - \F\^ S -^I S . 

Proof. We proceed by induction on s. If s = 1, we have F ^ F—e\ and so we get \E\ < \F\ — 1 
as stated. Assume from now on that s > 2 and that the result holds in dimension s — 1. For 
each i G Z, we define 

Ei = {x G Z 5 " 1 ; (x, z) G E 1 } and F { = {x G Z^ 1 ; (x, i) G F}. 
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We also denote by / the set of indices i 6 Z such that F 7^ 0, and write (e^, . . . , e^) for the 
canonical basis of lf~ l . Since for each % e I we have Fj C F fl (Fj — e^) fl ■ ■ • fl (Fj — e^), 
the induction hypothesis gives |Fj| < |Fj| — |Fj|( s-2 )/( s-1 ). Summing on % e /, upon noting 
that Fj = when i £ 7, this gives |F| < \F\ - S where 5 = ^. gJ | ^ | (s— 2)/(s— x) - We also 
have Fj C Fj+i for each ieZ, thus Fj C F fl F + i and so 

|F| < ^ |F n F i+1 \ = {\Fi\ - IF \ F +1 |) < |F| - I |J(Fj \ F +1 ) . 

Since Uj gZ (Fj \ F i+1 ) = U ie zFi contains each Fj, we deduce that |F| < |F| — M where 
M = maxj e/ |F|. By definition of S and M, we have SM 1 /^ > J2 ie i \ F i\ = \ F \, and so 
we get |F| < |F| - max(S, M) < \F\ - \F\ i - s - l ^ s as required. □ 

Corollary B.2. With the notation of the proposition, we have \E\ < (l/s)|F| log|F|. 

Proof. Define g(x) = \F\ X for each x > 0. The proposition gives |F| < g(l) — g((s — l)/s), 
thus |F| < (l/s)g'(0) = (l/s)|F| e log |F| for some real number 9 in the interval ((s — l)/s, 1)- 
Since |F| e < |F|, the conclusion follows. □ 
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